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CLOUD-POINT CURVES AND COEXISTENCE 
CURVES OF SEVERAL POLYDISPERSE 
POLYSTYRENES IN CYCLOHEXANE 

MARGIT T. RATZSCH, BERND KRUGER, and HORST KEHLEN 

Chemistry Department 
“Carl Schorlemmer” Technical University 
Merseburg, DDR-4200, German Democratic Republic 

ABSTRACT 

Cloud-point curves, critical points, and coexistence curves with feed 
concentrations close to the critical concentration were measured in 
three systems involving cyclohexane + different polydisperse po- 
lystyrenes. The shape of the coexistence curves is analyzed by using 
a scaling expression. In two systems the critical exponent 0 pos- 
sesses values somewhat larger than in actual binary systems (where 
0 = V 3 ) ,  whereas in the third system a somewhat smaller value is 
found. By using, a three-parameter Gibbs free energy relation, 
cloud-point curves and coexistence curves are calculated from the 
critical point data and from the slope of the cloud-point curve at 
this point. To account for polydispersity, the method of continuous 
thermodynamics is applied. The cloud-point curves are well de- 
scribed, but the prediction of the coexistence curves is bad due to 
the mean-field character of the Gibbs free energy relation resulting 
in 0 = l/2. Hence, the often used practice of fitting the parameters 
of a mean-field Gibbs free energy relation to the critical point and 
to some cloud points and then to calculate the coexistence data is to 
be considered with great care. 
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684 RATZSCH, KRUGER, AND KEHLEN 

INTRODUCTION 

For binary systems it is experimentally well recognized that near the 
critical miscibility point (c.P.) the binodal shows an extremely flat course 
[l]. This phenomenon can be described by using the following scaling 
expression: 

€ =  ( - 1  T ' -  T 

The left-hand side in Eq. (1) is the difference of the mole fractions X (of 
one of the components) in the coexisting phases I, I1 at temperature T, 
and T' is the critical point temperature. The quantity c is the absolute 
value of the reduced temperature difference. Close to the c.P., /3 shows a 
value near 0.34 [I] whereas all mean-field Gibbs free energy relations 
predict p to be 0.5. In the neighborhood of the c.P., however, large 
fluctuations that occur in the order parameter are not adequately ac- 
counted for by the mean field model. 

This phenomenon can be found both in low molecular weight mixtures 
and in polymer solutions. In the latter case, to account for the large 
differences in size between polymer and solvent molecules, the mole frac- 
tions in Eq. (1) are usually replaced by the mass fractions, the volume 
fractions, or the segment fractions. For polymer solutions, however, Do- 
bashi et al. [2] reported the limit c' of the validity range 0 I c 5 c' for 
scaling with /3 = V 3  to be reduced with increasing molecular weight Mof 
the polymer. For solutions of polystyrene in methylcyclohexane, the rela- 
tion 

was presented, with c' = 0.002 for M = 719 kglmol. 
In a polydisperse polymer solution, the behavior is expected to be 

more complicated for two reasons. First, the shorter and longer polymer 
molecules are influenced differently by the fluctuations occurring. Sec- 
ond, by using Eq. (1) only the variation of the overall polymer contents in 
both phases with changing temperature is discussed. But in reality, for a 
polydisperse polymer solution the binodal is a surface in a high-dimen- 
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POLYDISPERSE POLYSTYRENES IN CYCLOHEXANE 

sional hyperspace. In ternary polymer solutions (solvent + two mono- 
disperse polymers), Dobashi et al. [3] found the critical exponent @ to be 
shifted to values slightly higher than in binary systems. This corresponds 
to the prediction of Fisher [4] that impurities in binary systems (the 
second polymer of Dobashi's system can be regarded as an impurity in 
the first one) shift the critical exponent @ to slightly higher values. There- 
fore, the overall effect on the @-value is not clear a priori. The effects 
caused by the polydispersity possibly cover the fluctuation effects. 
Hence, one aim of this work is to measure the coexistence curves in 
polydisperse polymer solutions and to estimate the @-values occurring. 

Cloud-points and critical points are easily measurable points of the 
liquid-liquid equilibrium for a polydisperse polymer solution. The deter- 
mination of the coexistence points needs much more effort, but they are 
quantities of real interest in process designs based on liquid-liquid phase 
separation. Therefore, it is a practice often used to fit the model parame- 
ters of a Gibbs free energy expression to the experimentally determined 
critical point and to some cloud points and then to predict the coexistence 
curve by using this model. The parameter fitting generally works very 
well, although the Gibbs free energy expressions used are of some value. 
Therefore, the second aim of this work is to investigate how strongly the 
above-mentioned lack of Gibbs free energy relations influences the accu- 
racy of the predicted coexistence curves in the polydisperse case. 

EXPERIMENTAL 

The cyclohexane used was refluxed for several hours over sodium, 
rectified, and kept dry over P,O,. No measurable impurities were detected 
by gas chromatography. To avoid moisture, a special sample preparation 
technique using a dry nitrogen atmosphere was applied. The number- 
average molecular weight &?, and the weight-average molecular weight 
&?w characterizing the two relative narrow polystyrenes and the one large- 
ly distributed polystyrene are given in Table 1. 

Cloud points were measured by using light-scattering equipment. The 
intensity of the light scattered by the sample under 30 and 90" (with 
respect to the incident beam) was determined simultaneously with the 
actual temperature of the sample. If the concentration of the sample is 
near the critical concentration, the cloud point is indicated by a maxi- 
mum in the 90" scattered light intensity. A strong increase of the 30" 
scattered light intensity far away from the critical concentration marks 
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686 RATZSCH, KRUGER, AND KEHLEN 

TABLE 1. Characterization Data of the Polystyrene 
Samples 

Sample f in ,  kg/mol a,,,, kg/mol fiw/i@,, - 1 

PS1 105.1 154.0 0.465 

PS2 301.4 424.0 0.407 

PS3 100.0 324.0 2.24 

the cloud point. The measurements were started approximately 0.2 K 
above the expected cloud-point temperature. Then the temperature was 
lowered at a rate of 0.4 K/h. After passing the cloud point, indicated as 
described above, the temperature was raised at the same rate. In this way, 
two values, which differed by approximately 0.04 K, were obtained. The 
range between these two temperatures is considered to be the result of the 
experimental cloud-point determination. 

The critical points were measured by means of the phase volume ratio 
method which dates back to Koningsveld and Staverman [5 ] .  The critical 
concentration involved an interval of 0.1 weight % breadth. 

Due to the polydispersity of a feed concentration equal to the critical 
concentration, the coexistence curve is a closed curve. For all other feed 
concentrations the coexistence curves are divided into two branches be- 
ginning at the corresponding points of the cloud-point curve and the 
shadow curve. (The shadow curve shows the temperature as a function of 
the overall polymer contents of the first droplets of the precipitated sec- 
ond phase.) Therefore, to permit a discussion on the basis of Eq. (I), 
coexistence curves with feed concentrations as close as possible to the 
critical concentration were investigated. 

A refractive method was used to determine the coexistence curves. 
Calibration measurements showed the refractive index (at 32°C) to be a 
quadratic polynomial of the overall weight fraction of the polymer in the 
range up to a value of 0.3 of this weight fraction. Furthermore, this 
function was found to be independent of the molecular weight in the 
range M > 20 kg/mol. Since the molecular weight averages of the poly- 
mer samples used are much larger than this limit, fractionation during 
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POLYDISPERSE POLYSTYRENES IN CYCLOHEXANE 687 

phase separation has little influence on the refractive index function. 
Hence, it was possible to determine the overall polymer content in a 
phase by means of a simple refractive index measurement. 

To determine a coexistence curve, the parent solution was divided into 
a number of samples. These samples were kept at different temperatures 
until there was no change in the phase volume ratio during 48 h. Then the 
coexisting phases were separated and the concentration of each phase was 
determined as described above. 

The critical concentrations and the critical temperatures of the investi- 
gated systems are listed in Table 2. Figures 1 to 3 show the cloud points, 
the c.p.'s, and the coexistence curves of all the systems investigated. 

CALCULATIONS 

To account for the polydispersity of the polymers, continuous thermo- 
dynamics [6, 71 is used. Continuous thermodynamics is based on the 
direct application of the continuous molecular weight distributions densi- 
ty function in the thermodynamic equations. In this way the thermody- 
namic quantities become functionals of this distribution function (in- 
stead of functions of the mole fractions, etc., which describe the 
composition in traditional thermodynamics). Since detailed discussions 
were presented earlier [8, 93, only the necessary resulting system of equa- 
tions is given here to calculate the cloud-point curves, the shadow curves, 
and the coexistence curves. 

TABLE 2. Critical Point Data for the 
Systems Cyclohexane + Polystyrene with 
Different Polystyrene Samples 

Polystyrene Critical polystyrene 
sample mass fraction T', K 

PS 1 0.113 293.4 

PS2 0.078 298.6 

PS3 0.094 300.0 
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688 RATZSCH, KRUGER, AND KEHLEN 

0.05 0.10 0.15 0.20 - mass fraction 

FIG. 1. Cyclohexane + Polystyrene PS1: experimental cloud points (I), exper- 
imental critical point (D), and experimental coexistence data (- 0 -); cloud-point 
curve (-) calculated by using parameters of Table 3. 

To calculate the cloud points (F) and the related shadow points (S) the 
equations 

1 = s$ WF(M) exp - (pi - p 3  dM [zg I 

with 
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POLY D ISPERSE POLYSTYRENES IN CYCLOH EXAN E 689 

T - I  K 

0.05 0.10 0.15 0.20 
1 

- mossfraction 

FIG. 2. Cyclohexane + Polystyrene PS2: symbols as in Fig. 1 .  

have to be solved. II, is the overall polystyrene segment fraction. WF(M) is 
the polystyrene distribution density function in the feed phase, defined 
by the statement that WF(M)dM is the relative segment fraction (or rela- 
tive mass fraction) of all polymer species with molar masses between M 
and M + dM. Here the term “relative” means: with respect to the overall 
polymer contents in this phase. Msen is the molecular weight of a polymer 
segment. r, is the segment number of the solvent. and 7: are the 
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FIG. 3.  Cyclohexane + Polystyrene PS3: symbols as in Fig. 1. 

segment molar activity coefficients in Phase i of the Solvent A and of the 
Polystyrene B, respectively. In Eqs. (4) the unknown quantities are $', 
f l ,  and the temperature T (since the segment molar activity coefficients 
are functions of 7) which are to be determined by numerical solution of 
the system of three equations. 

To calculate the branches (I, 11) of the coexistence curves, the system 
of equations to be solved reads 
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POLYDISPERSE POLYSTYRENES IN CYCLOHEXANE 69 1 

is the overall amount of segments in Phase I1 divided by the overall 
amount of segments in the feed. The quantities p l ,  p:, pk, and p" can be 
calculated by Eqs. ( 5 )  with i = I, 11. Equations (6) are three equations 
interrelating the four quantities $I1, @:, T, and 4. One of these quantities 
may be specified and then the others are to be calculated by numerical 
solution of Eqs. (6). The following equations resulting from the mass 
balance permit the calculation of the related quantities in the coexisting 
Phase I: 

The distribution of all investigated polystyrenes is well described by 
using the (generalized) Schulz-Flory relation 

1 M exp (-k-) 
wF(M) = ( g r @ , I ' ( k )  JG (9) 

with 
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692 RATZSCH, KROGER, AND KEHLEN 

For high polymers (but not for oligomers), T B  is usually assumed not 
to be a function of M .  According to the characterization data of the 
polystyrenes (Table l), this assumption is made for further calculations. 
Then, in describing the feed distribution by Eq. (S), the integrals in Eqs. 
(4b) and (4c) may be calculated analytically. Presuming &f(pL - p a /  
(Mseg k) < 1, these equations result in 

In the calculations, segment number r, of the solvent is set equal to 1, 
resulting in the value 0.10294 kg/mol for the molecular weight Msee of a 
polymer segment. 

To calculate the segment molar activity coefficients TA and TB, a free 
energy relation is needed [8, 91. In this paper, for the Gibbs free energy 
per mole of segments an equation is used resulting from the classic Flory- 
Huggins relation by replacing the X-term by ( R  means the gas constant) 

with C = 1 - e+ 
A = KA(l - e)$/C + 1 
B = KB(l - $)/C + 1 
e = 1 - (aB/uA) 

This relation is obtained by replacing the empirical entropy correction 
term in the well-known Koningsveld-Kleintjens relation [ 101 by an orien- 
tational entropy correction first presented by Huggins [l I] (the two last 
terms in the braces of Eq. 11). This expression is used because of its high 
flexibility. a, and a, are the quotients of the surface and the volume of a 
molecule of Solvent A and of a segment of Polymer B, respectively. Using 
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POLYDISPERSE POLYSTYRENES IN CYCLOHEXANE 693 

Bondi's data [12] for the calculation of molecular surfaces and volumes, e 
equals 0.0772 in all systems investigated. Hence, Eq. (11) contains the 
three parameters d, KA, and KB. The parameter d can be calculated 
independently of KA and KB by using the experimentally determined slope 
of the cloud-point curve at the critical point. This slope is equal to the 
slope of the spinoidal curve in the critical point related to d by 

(12) 
F2cC' Mseg 

spinoidal 2d(l - e)'J/"' 

a, is the z-average molecular weight. KA and K,  can be calculated from 
the critical point data $', T by the equations 

(spinoidal condition) 241  - e)' 
TC3 

- 

1 K i  - (1 + e$3 - - (1  - 2e + e$3 
AC2 

+ 

(14) 
6de(l - e)2 + 

For the systems investigated, the parameter values obtained in this way 
are given in Table 3. 
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694 RATZSCH, KRUGER, AND KEHLEN 

TABLE 3. Slope (dT/d$)' of the Cloud-Point Curve Determined 
Experimentally and the Values of the Parameters d, KA, and KB 
Calculated from This Slope and from the Experimental Critical Point 
Data (Table 2) 

System (dT/d$)', K d,  K KA KB 

Cyclohexane + PS1 -15.25 77.36 -0.8604, 0.1704, 

Cyclohexane + PS2 -16.63 52.05 -0.8227, 0.0656, 

Cyclohexane + PS3 -30.69 60.36 -0.8244, 0.0936, 

DISCUSSION 

Since it was not possible to measure a coexistence curve with a feed 
concentration exactly equal to the critical concentration, the quantity E 

for scaling was defined by 

where T,, is the maximum temperature occurring when the two coexist- 
ence curve branches are interpolated to form a closed curve. In all cases 
T,, differs from the related cloud-point temperature by only a very small 
amount since the polymer concentrations of the feeds applied were close 
to the critical concentrations. A least-squares fit using Eqs. (1) and (15) 
yields the 0 values listed in Table 4. The critical exponents in the systems 
with PS2 and PS3 tend to be slightly higher values compared to that of 
true binary systems. This is in agreement with the behavior in ternary 
systems as discussed above. The reason for the deviation to a smaller 
value in the system with PS1 is not known. Deviation from the scaling 
expression (1) over the whole range of determinations was not observed, 
i.e., a log-log plot of (2' - 3) versus E yields a straight line. 

The experiments show clearly that the polydispersity does not cover 
the fluctuation effects near the c.P., i.e., in all cases the quantity 0 
deviates substantially from the classic mean field value V z  in the total 
range investigated. 

By using the parameters of Table 3, the cloud-point curves were calcu- 
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POLYDISPERSE POLYSTYRENES IN CYCLOHEXANE 695 

TABLE 4. Critical Exponents /3 for the 
Coexistence Curves of Several Polystyrenes 
in Cyclohexane 

Polystyrene Polystyrene mass 
sample fraction of the feed p 

PSI 0.1179 0.289 

PS2 0.0800 0.381 

PS3 0.0994 0.398 

lated and are shown in Figs. 1 to 3 for comparison with the experimental 
results. The prediction is quite good. Contrary to this result, the predic- 
tion of the coexistence curves on this basis is always bad. As an example, 
the calculated and the experimental coexistence curves in the system with 
PS1 are compared in Fig. 4. This bad prediction clearly results from the 
mean field character of the model use&(@ = V2). A question arises of 
how to explain the good ability of the -dE relation to describe the cloud- 
point curve when the relation is not correct, as the bad description of the 
coexistence curves shows. The answer is: In fitting the parameters, data 
on the cloud-point curve but not on the related shadow curve are used 
since this curve is not known. Hence, there is an additional degree of 
freedom to shift the shadow curve in such a way that the cloud-point 
curve is Eel1 described. Similar calculations were carried out using other 
possible G E  relations besides that given in Eq. (1 1). The result was always 
the same. It is possible to describe the cloud-point curve in more or less 
good agreement with the experiment, but if these parameters are used to 
predict the coexistence curves, a similar bad correspondence between 
experiment and prediction, as shown in Fig. 4, is always obtained. 

The conclusion is that the usual mean-field Gibbs free energy relations 
permit a good modeling of the cloud-point curve. But there is no hope of 
obtaining in this way a Gibbs free energy relation that permits a realistic 
prediction of the coexistence curves or of the related shadow curve, at 
least not near the c.p. Hege,  the often-used practice of fitting the pa- 
rameters of a mean-field -dE relation by using the c.p. data and then 
calculating the coexistence curves is a doubtful procedure. 
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293a01 
292.5- 

292.0 

0.05 0.10 0.15 0.20 - moss fraction 

FIG. 4. Comparison of experimental (- 0 -) and calculated (- . -) coexist- 
ence curve for the system cyclohexane + Polystyrene PS1; (I) related experimen- 
tal cloud point. 
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